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MEASURES ASSOCIATED WITH TOEPLITZ MATRICES
GENERATED BY THE LAURENT EXPANSION OF
RATIONAL FUNCTIONS

BY

K. MICHAEL DAY

ABSTRACT. Let T,(a) = (ai—i)?i=0 be the finite Toeplitz matrices gen-
erated by the Laurent expansion of an arbitrary rational function, and let o, =
{7\"0, ey )‘nn} be the corresponding sets of eigenvalues of Tn(f). Define a se-
quence of measures a,, an(E) =(n + 1)—127\,".651, Am' €o,, and E a set in
the A-plane. It is shown that the weak limit a of the measures @, is unique and
possesses at most two atoms, and the function f which give rise to atoms are iden-
tified.
0. Introduction. Let f(z) = X a,,,z™ be the Laurent expansion of an arbi-

trary rational function. Define matrices

T,N=G@;_p), 4j=0,1,...,n,

called Toeplitz matrices which are said to be generated by the function f. Denote
by o, the set of n + 1 eigenvalues of T,,(f), 0,, = {X,0, N\yps - - - » Ayl and let
D"(f — ) = det(T,,(f — N)). Define the set B to the the set B ={\: X\ = lim,,,A,,,,
An €0;,}, where iy, iy, ... is an increasing subsequence of the integers. In a
previous paper [2] an identity for D"*(f — A) was derived by means of which using
the techniques of [5] it may be shown that B either is a point or consists of a fi-
nite number of nondegenerate analytic arcs.

Related to the above is the following. Define a sequence of measures a,,,

= -1
a,B)=m+1)" X 1,
Ani€E

where A,; € 0, and E is an arbitrary set in the A-plane. In this paper we investi-
gate the nature of the measures which are the weak limits of the measures a,,. It
will be shown that the limit measure a is unique and possesses at most two atoms
whose weight may be determined. The functions which give rise to atoms will be
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identified. For all points in the support of a which are not atoms the results

of [4] show that the support of a is equal to the set B. These results, along with
those appearing in [2], complete for f a rational generating function, the results of
which are obtained by [5] and [4] when fis a Laurent polynomial, f(z) =

h a2 h k> 1.

1. Definitions. We assume that
(1.) f@= Gs(z)/Dk(z)Fh(z)

where Gy(2), D, (z), and F,(z) are polynomials with no common factors of exact
degree s, k, and h respectively. We follow the convention that

k. h

Dy(2) = H z—8), F&= irIl a- Pi_lz)s
i=1 =

the roots of D, (2) lying in the set [z] <R, and those of F},(2) in the set z| =

R, > R,. We assume that k > 1,and if h =0 that s >k + 1,50 that if s <k
then & = 1 but otherwise is arbitrary. It follows that

f@)—A= (Gs(z) - )\Dk(z)Fh(z))/Dk(z)Fh(z)
= Gr1m 2)/Dy(2)F,(2)

where Gy, ,,(\, Z) = G(z) — NDy(2)F,(2) and k + m = max G, k + h).
Let f(z) = = a,,z™ be the Laurent expansion of f(z) in the annulus

(12)

A={z:R; <lzI <R,,0 <R, <R, <e}.

The conditions we assume with respect to the degrees of the polynomials G(2),
D, (z), and F;,(z) result in a Laurent series representation which has nonvanishing
coefficients for both positive and negative powers of z so that the matrices T,(f)
are not triangular.

Let

0 = {X: G, (A, 2) = 0 has multiple roots, less than k + m roots, or

(1.3)

z = 0 as a root}.

From the theory of algebraic functions [3, pp. 103—104] Q is a finite set. For
A € Q we may write

k+m
fle) = A= C,(N) Hl (z — r)[D(2)F ,(2),

i=

(1.4
Co(\) =a,a— b, or —\b

according to whether s >k +h, =k +h,or <k +h. Note,bis the coefficient of z¥*"
of Dy (2)F,(2), and a is the coefficient of 2* of G(z). If s <k + h there is one
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value of A for which G, (A, z) has less than kK + m roots. Excluding the
single possible value of A for which the degree of G, (A, 2) is less than k + m,
we will always assume that for fixed A the roots r,(X) of Gy, ,,,(A, 2) = 0 are in-
dexed by increasing modulus so that

rMI<IMI<...<lr,Ml

Define the set C = {\: |r,(A)| = |r, 4 {(M)I}. The principal result of [2] is that
the set C consists of a finite number of nondegenerate analytic arcs and that the
sets B and C are equal.

2. Uniqueness of the limit measure . We will make use of the following
theorem from potential theory[1].

THEOREM 2.1. If o, and o, are two measures in the \-plane such that
[ 1081 = rlda, (r) = | 10gIx — 7lday(r)

everywhere except for a set of \’s of two-dimensional Lebesgue measure zero,
then a; = a,.

By the definition of the set B and the equality of the sets B and C, if N is
any neighborhood of C, then the support of the measures a,, is contained in N
provided n is sufficiently large. We may therefore easily prove the following
proposition.

PrOPOSITION 2.1. If a is any weak limit of the measures a,,, then the sup-
port of a is contained in C.

Proor. If for some weak limit & the support of « is not contained in C,
there would exist a continuous function f of compact support having empty inter-
section with C such that [ fda # 0. But there exists a neighborhood N of C hav-
ing empty intersection with the support of f. Consequently for n sufficiently
large, [ fda,, = 0. So lim, [fda,= 0 # [ fda, which is a contradiction.

We know from results in [2] that the set C consists of a finite number of
analytic arcs and so is a set of two-dimensional Lebesgue measure zero. Let f(z)—
Abeasin(1.2). If A€ Cand A € Q (1.3), the fundamental identity of [2] states
that

e A — [(—1\m n+1 n+1(ri0‘)—8s)(pt_rj()\))

D= =GO R T e =700 6, - 80
jenteH

where I runs over all subsets of order m of the set {1,2,...,k + m},T =
{1,2,...,k+m}—Land K={1,2,...,k}, H={1,2,...,h}. By the
convention on the indexing of the roots of G, , ,,, (A, z), the term appearing in
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this identity which has the product
k+m

Co()\)n+1 H r; )n+l

i=k+1

is greater in modulus than all other terms in the identity, except possibly for a
finite number of integers n. Therefore

k+m

@.1) lim D"*Y(f=N/D"(f =N =C,N [I ) #o.
n i=k+1
Consequently if we set
k+m
@2 G =G I1 rov,
i=k+1

then G(A) is an analytic function of A for A € C as the points A € Q not in C
are easily seen to be removable singularities. It follows that

(2.3) lim|D*(f = N 1ntl = |Gl # 0

except on a set of two-dimensional Lebesgue measure zero. From (2.3) we obtain
24 lim log | D"(f — N1+ = 1og|GQ) .

But the left-hand side"of (2.4) can be written

n
lim1/n+ 1+ 10gID"(f =Nl =lim l/n+ 1+ 3 logIA =2l
Qs " " =0
= lim flogl)\—-rldan(r).
n

From (2.4) and (2.5) then
(2.6) lim f logI\ — 7lda,,(7) = logIGQ\)|.
n

THEOREM 2.2. The measures o, converge weakly to a measure o with sup-
port contained in C.

Proor. If a is any weak limit of the measures a,,, by (2.6),
J108In = 7lda(r) = loglGV)

except for a set of two-dimensional Lebesgue measure zero. Consequently by
Theorem 2.1 the measure « is unique.

3. The structure of the limit measure a. In this section we show that the
limit measure « can have at most two atoms.
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THEOREM 3.1. Let f(2) satisfy the conditions of §1. Then f(z) — X\ =
G+ m(N 2D (2)F,(2) as given by (1.2). If the minimum degree of G, ,,(\.2)
for all X\ as a polynomial in z is greater than or equal to k, then o has at most one
atom. If the minimum degree of Gy, ,.,(\, z) is less than k, then « has at least
one atom but at most two atoms. If for A = %,

Grim(Ay, 2) = zk+d,Gs'—k—d'(z)

withd >1,s' >k +d', and Gy _,_4(0) # O, then A, is an atom of weight
d'/k+d. If for A\ =X, and s" <k, Gy 4 ,,(A,, 2) = Gyr(2) with s" + d" =k,
d" > 1, then necessarily h > 1 and X, is an atom of weight d"/h + d". Conversely
if the limit measure o has an atom at X = N\, then G, ,,(\,, z) must assume one
of the two forms given above. Each type of atom can occur at most once, though
the same function may have associated with it an atom of both types. When this
occurs the sum of the weights of the atoms is less than one.

PrOOF. (—>) Without loss of generality we may assume that A, = 0. Then
f(z) has the form

(3.0) f2) = 2**9'G,_, _ 4(ID,(2)F, (2).

To prove that X = 0 is an atom of weight d'/k + d' we will prove that, in a
neighborhood of A = 0, D"(f —A) = A7« O(1) where 7, is an integer such that
lim, 7,/n + 1 =d//k +d'. 1t is clear from (1.1) and (1.4) that

k+m ,
lim G IT = 7,00 = 2446, a2
g i=1

and therefore in a neighborhood of A = 0 that

k+m

(32) o™ I ney=ow,

i=k+d'+1
that is, is bounded away from zero and infinity.

Results from the theory of algebraic functions tell us [3, pp. 99—103] that
from small |A|

@.3) TOED I ULCIENES NN 207 4
j=1

each r,(\) being determined by each determination of the root A}/¥ +d’ and for
k+h>s

Go  ry=AUkthes 3 plKERTS =541,k t R,
j=0
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each 7,()) being determined by each determination of the root AM¥*7-$,
Referring to the identity for D"(f —N), for Iy ={k+1, ...,k +m}
there are d' roots near z = 0 in the product Mg ri(N)- By (3.2),(3.3), and (3.4),

(3.5) Co" T )™+ = A+ 1)[(R+d) L (1),
i€l

For all other indices I # I, there are at least d' + 1 roots r,(\) near zero appear-
ing in the factor I;;r;(N). Therefore for all I # I

(3.6) Co(>\)n+l H ri(x)n+l = Ad'(n+ 1)/(k+d") , 0(1)_
il

Each of the factors

(ri—=89)(p: — 1)
(3.7) i€l,seK; (rf - rj)(Pt - 88)
jET , teH

is of fixed order independent of n. By (3.3) and (3.4) these factors.are for small
IXI of order greater than O(IN[**™) and smaller than O(IA|~*+m)). Conse-
quently by (3.5) and (3.6) D*(f — ) = A" - O(1) where 7, is an integer satis-
fyingd'(n + 1)/(k +d)—(k + m) <71, <d'(n + 1)/(k + d") + (k + m).
Clearly lim,, 7, /(n + 1) = d'/(k + d) so that X = 0 is an atom of weight

d'/(k + d"). If there were another value X = a # 0, where G, , ,.(a, 2) =
¥4 Gy ge(z) with d* > 1, and Gy _;_ 4.(0) # O, then

@) =2%*Gy__ 44Dy (2)F,(2) + a

which contradicts (3.1).
Assume now for A, = 0 that

(3.8) f@) = G(2)/Dy(2)F,(2)

with s" + d" =k, d" > 1. Since f(2) satisfies conditions given in §1, necessarily
h>1,and k + m =k + h. By (3.4) the roots r,(\) have the form

) =AU 01, i=s+1,...,k+h

In this instance by (1.4) Cy(A) = —A\b. Consequently for [, ={k+1,...,
k +n},

CoN) + [T ry =22"1m+a" . o(1),
ielo

and for all I # I,

Co * TTry =22"71+4" « o(1),
el
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and the argument employed previously shows that D"(f —\) = A" + (1) where
7, is an integer such that lim, 7,/(n + 1) =d"/(h + d"). For all X # 0 clearly
the degree of Gy, (A, z) is k + h and so an atom of this type can occur at most
once.

If there is an atom of each type then kK + m = k + h with h = 1. To maxi-
mize d'/(k + d') requires that ' = h. To maximize d"/(h + d") requires that
d" = k. We would then have that

@[k +dY) + @] +d") = W&+ ) + &/ +E) =1,

but f(z) would have the form f(z) = (az**"* + b)/(cz**" + d) with ac #0,ab —
cd # 0. But this is impossible since necessarily with &, K =1 the denominator must
have two zeros of different modulus.

(«—) Assume that A = 0 is an atom of the limit measure . For A & C
and Q of (1.3) we have seen by (2.2) and (2.6) that

k+m
(3.9) tim [ logI\ — 7lda, () = log |Co® TT r,-()\)l.
n i=k+1
We may rewrite the left-hand side of (3.9) so that
k+m
f/{o}logl)\ — 7lda(r) + p logIAl = log|C,(N) ] r,.(>\)|
i=k+1

where p is the weight of @ at A = 0.

Since log[\| —>—oo as A tends to zero, it follows that log|Co ()T .7V
— —oo also. We assume as always that the indices are arranged by increasing moduli.
If for f(z) = G(2)/D,(2)F,(z) we assume s > k + h, then the polynomial
Gr+m(\ 2) has degree s. By (1.4) Co(A) Is bounded away from zero, and the
roots 7;(A), i = 1,..., s, are bounded for small |A|. Consequently loglﬂ;?=k+l”,~(7\)l
— —oo, and 50 |I{_; 4, 7;(A)] — 0 as X tends to zero. Let d be the smallest

integer such that II_, | ;. ,7(2) is bounded away from zero as A — 0. Nec-
essarily 1 <d <s —k — 1. By the convention regarding indexing r;(\), i = k +
d, and the roots r; (\), i =k +d + 1,..., 5, are bounded away from zero. We
may conclude that

@) =2"*9G,_, _ ,(2)/D(2)F,(2)

with d > 1, and G;_;_4(0) # 0.

If we assume s <k + A so that k + m = k + h, then A > 1 and by (1.4)
Co(N)=—2b. If k + 1 <5<k + h then, by (3.4), CoMTE 1, () = 0(1) as
A —> 0. But then logITI$., r,(A)| — —o°, and 50 [T}y, (A)| —> 0 as A
tends to zero. As before let d be the smallest integer such that Il_; , 44 17;(\) is
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bounded away from zero as A tends to zero, 1 <d <s —k — 1. But then 7;(A)
—0,i=1,...,k + d, and we may again conclude that

f@) = 2*9G,__ 42Dy (2)F, (@)

with d > 1, and G,_,_4(0) # 0.

If s = k then again, by (3.4), Co(NITEE% r(N) = 0(1) for small |Al, but
this contradicts the fact that log |Cy(MTIEX% r(\)| — —eo. The only possibility
that remains is that f(z) = Gy(z)/D(2)F,(z) with s <k. But then A = 0 is an
atom of the second type. This completes the proof of the theorem.

An example of a function with two atoms is the following. Let

f(2) = 2%(z* — z — @) = 2%/D,(2)F,(2)

where @ is any number such that the moduli of the roots of the denominator are
distinct. Then X = 0 is an atom of weight 2/(2 + 2) = 1/2. Since f(z) — 1 =
(z + @)/D,(2)F,(2), A = 1 is an atom of weight 1/(2 + 1) = 1/3. More generally
the reader may verify that there exists a rational function whose limit measure a
has atoms at two arbitrary points in the A-plane of arbitrary fractional weight as
long as the sum of these weights is less than one.

I. I. Hirschman in his paper [4] derives an explicit formula for the limit
measure & when the generating function f is a Laurent polynomial. To do so he
makes use of the result that the support of any limit measure « is contained in

the set C which consists of a finite number of nondegenerate analytic arcs. He
proves that for A € C that

lim D"*Y(f —A)/D"(f—N) =GQ) # 0

exists. By means of this function he derives a formula which shows that the limit
measure is unique, has support of all of C, and is absolutely continuous. His
proof may be applied to the case we are considering except in one situation. His
analysis requires that there do not exist any atoms in the limit measure. To do
this he must show that G(A) = 0 as A tends to any point in C.

We also have seen that for A & C that

lim D*(f = N/D"(f—N) = GQ) # 0

exists, but we cannot show that GQ\) /> 0 as A tends to an arbitrary point of C.
But the analysis shows that if this occurs then any such point must be an atom.
We may conclude that the limit measure « has support C and is absolutely con-
tinuous except for the possible existence of two atoms. If the limit measure has
an atom its weight may be determined by Theorem 3.1, and the formula derived
by Hirschman gives the measure at all other points of C where a is absolutely
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continuous. J. L. Ullman has shown for the Laurent polynomial case that C is
connected [6]. His proof may be applied here. The significance of connected-
ness in the case that « is apparent. It is not known whether or not the set C may

separate the plane.
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